In this paper, we generalize the explicit reciprocity law of Cherbonnier and Colmez (Théorème IV.2.1 in [7] ) to local fields of mixed characteristic (0, p) of arbitrarily high dimension. For this generalisation, we define higher exponential maps, which are generalisations of the classical BlochKato exponential map as constructed in [4] . (If K is of dimension d and V is a de Rham representation of Gal(K/K), then we define exponential maps exp (i),K,V for 1 ≤ i ≤ d.)
Introduction

Statement of the main results
Let K be a d-dimensional local field of mixed characteristic (0, p) with residue field k K . Let X 1 , . . . X d be a p-basis of k K . Let F be the maximal algebraic extension of Q p contained in K, and assume that O K /O F is formally smooth. Define the Galois groups G K = Gal(K/K) and H K = Gal(K/K ∞ ). For n ≥ 1,
Here, the map
is induced by the natural map V → B ∇ dR ⊗ V , and the map δ (i) will be defined in Section 4.3.
As a corollary of Theorem 1.1, we obtain the higher-dimensional version of the explicit reciprocity law of Cherbonnier and Colmez (c.f. Théorème IV.2.1 in [7] ). Let V be a de Rham representation of G K , and let y ∈ D †,n (V ) ψ=1 . For m ≫ 0 (depending on V and the ramification degree of F over Q p ), let y m = Tr /Km,m (φ −n y), where Tr /Km,m is the trace map defined in Section 3.3. By Lemma 3.13, there exist a i,j ∈ K m such that (The elements q i and t will be defined in Section 3.3.) Because of the structure of
) is isomorphic to a quotient of D †,n (V ) ψ=1 , so we can consider y as an element of H d (G Km , D †,n (V ) ψ=1 ). In the 1-dimensional case, i.e. when K is a finite extension of Q p , Theorem 1.1 implies Théorème IV.2.1 in [7] .
We also obtain a version of Theorem 1.2 for H i (G K , D †,n (V ) ψ=1 ) for all 1 ≤ i < d. We will state it in the case d = 2 and i = 1 since the formulae become very large. Let c be a continuous cocycle representing a cohomology class in H 1 (G K , D †,n (V ) ψ=1 ), and put x = c(γ 1 ) and y = c(γ 2 ). (Note that c is completely determined by these values.) Let x m = Tr /Km,m (φ −n x) and y m = Tr /Km,m (φ −n y). By Lemma 3.13, there exist a i,j , b i,j ∈ K m such that (resp. of the factor (log(χ(γ 1 )) −1 , η(γ 2 ) −1 ) t ) in Theorem 1.2 (resp. Theorem 1.3) by a suitable scaling of the cohomology classes (c.f. Lemma I.4.2 in [7] ). We will deal with this in a later version of the paper. (2) To keep the notation as simple as possible, we prove the above theorems in the case d = 2. The proofs generalize without any conceptional (but quite serious notational) difficulty. Also, in this version of the paper, we restrict ourselves to the case when V = Q p (2). Again, conceptually the argument is the same for an arbitrary de Rham representation of G K , but it becomes technically much more difficult. We will deal with the general case in a later version of the paper.
In a future paper [17] , we will continue the generalisation of the work of Colmez [8] and Cherbonnier/Colmez [7] by proving the existence of higher Perrin-Riou exponentials and relating them to the higher exponential maps in the spirit of Théorème IV.3.3 in [7] .
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Setup
Let K be a 2-dimensional local field of mixed characteristic (0, p) with residue field k K . Let F be the maximal algebraic extension of Q p contained in K, and assume that O K /O F is formally smooth. Denote by G K the Galois group Gal(K/K). Let X be a p-basis of k K .
Let γ 1 and γ 2 be topological generators of Γ 1 and Γ 2 , respectively. Let N ∈ Z p such that
It follows that in particular we have
Let
3 Theory of p-adic representations Let C K be the p-adic completion ofK, and let O CK be its ring of integers. LetẼ be the set of sequences x = (
. LetẼ + be the set of these sequences such that x (0) ∈ O CK . ThenẼ + has a natural structure as a ring of characteristic p. 
Then t is a generator of ker(θ) on which G K acts via the cyclotomic character:
, and equip B ∇ dR with a decreasing filtration defined by
Proof. See Section 2 in [11] . 
The ring B dR
Let T = (X, X 
We quote a couple of properties of B dR from [5] . Proof. Proposition 2.19 in [5] .
OK is a finitely generated O K -module, and the K-vector space Ω 1 K has the basis dX.
Proposition 3.6. There exists a unique map
Proof. Clear from the definition of B dR . For details, see Section 2.1.7 in [11] .
Proposition 3.7. For any r ∈ Z, we have a short exact sequence of G K -modules
Proof. Lemma 2.1.10 in [11] .
By taking the direct limit over r, we obtain a short exact sequence
Proof. Both terms are p n th roots of unity having the same image in C K under θ, so they are equal.
is of order p n ), and we consider the map
for a basis of neighbourhoods of 0 in B
[ǫ1]−1 ∈ A inf is a generator of ker(θ). By construction, every x ∈ B ∇+ dR can be written of the form
has a unique expression of the form
where (a i (x)) i∈I is a sequence of elements inL ∞ tending to 0 via the filter of finite complements.
dR has a unique expression as 
Proof. Let (a i ) i∈I be the sequence of maps (B ∇+ dR )
HK →F ∞ defined by θ(y) = i∈I a i (y)ε(i). Note that these a i exist by the previous remark and Lemma 3.9. Let R be the map (B
We can therefore put a i,k (x) = ι −1 (a i (R k (x))). Using the map θ and Lemma 3.9, one can show recursively that there is no other choice for the a i,k , which finishes the proof.
Proof. Immediate from Proposition 3.10, noting that
We also need the analogue of Lemma 3.11 for B
Proof. An easy calculation shows that X
. By expanding exp(p −n q) and exp(p −n t) as power series in q and t, respectively, the lemma is an immediate consequence of Lemma 3.11.
Proof. Clear from Corollary 3.13. 
Proof. Note that the natural map
We also need a second trace map (c.f. Section 4 in [7] ):-Definition. Let n ≥ m ≥ 1, and let Tr /Km,n be the unique
The maps Tr K,m,n will only become important in a later version of the paper, when we scale the cohomology classes in Theorems 1.2 and 1.3.
The following result allows us to descend from
The lemma can now be shown by similar arguments as in Section IV in [8] .
Corollary 3.17. For all i ≥ 1, the inflation map gives an isomorphism
Proof. Immediate consequence of the Hochschild-Serre spectral sequence.
Higher fields of norms
Let E F be the field of norms of the tower (F i ) i≥0 , and let k F be its residue field. Letπ F be a uniformizer of E F , so
. Let E K be the field of norms of the tower (
Lemma 3.18. The field E K is given by
Proof. See the section on Kummer towers in [13] .
Proposition 3.19. Let E be an algebraic closure of E K . Then we have an isomorphism of Galois groups
Proof. See [3] or [13] .
The rings of overconvergent series
The rings of overconvergent series were defined in [2] and [15] .
∨ , where π F is a lift ofπ F . Let φ be a lift to A F of the Frobenius operator commuting with the action of Γ 1 . Define
] be its field of fractions. Note that A F ⊂ A K . Define a lift of Frobenius to A K by φ(T ) = T p . Note that φ commutes with the action of
One can show that N ∈ Z × p since X is a p-basis of k K .
Let A ⊂Ã be an extension of A K such that E = A mod p. As shown in [1] and [13] , there exists a unique extension of φ to A commuting with the action of H K . Then A is a free finitely generated module over φ(A) of degree p 2 , so we can define a left inverse ψ of φ by the formula
Note that ψ restricts to a map A K → A K .
Definition. For n ≥ 1, definẽ
and letÃ
Note. We have A †,n
Lemma 3.20. Let e be the ramification degree of F/Q p . Then there exists 
Proof. Imitate the proof of Proposition II.25. in [9] .
Proof. Clear from Proposition 3.21.
K is a free finitely generated module over A †,n K of rank p 2 .
Corollary 3.24. When n ≥ n K , then the operator ψ on A K restricts to ψ :
3.6 The classical exponential map and its dual 
Proof. Proposition 2.4.16 in [5] .
Tensoring (3) with V and taking G K -cohomology gives a connection map
Composing this map with the natural map D
Lemma 3.26. We have a natural isomorphism
Proof. The map ι is constructed as follows:-In [11] , it is shown that cup product with log χ gives isomorphisms
The map ι is the compsition of these isomorphisms with the connection map obtained by taking G K -cohomology of the short exact sequence
It is shown in Proposition 2.3.3 in [11] that ι is an isomorphism.
Definition. The map exp
In the rest of this section, we prove that exp * (1),K,V can also be obtained by 'dualizing' exp (1),K,V . The choice of t qives us an isomorphism between D dR (Q p (2)) → t −2 K and K. If V is a representation of G K , then one can show that the pairing
is non-degenerate. Here, the last arrow is given by T r • Res, where Res is the projection to the coefficient of X −1 . It follows the D dR (V * (2)) ⊗ Ω 1 K can be naturally identified with the dual of D dR (V ). One can show similarly that coker ∇ :
Similarly, via the cup product pairing
H 1 (K, V ) can be identified naturally with the Q p -dual of H 2 (K, V * (2)) (for the details see [16] ). 
where the first arrow is given by (7) , the second one is given by taking the Q p -dual of exp (1),K,V and the third one is induced by (6) .
Proof. We follow the strategy of the proof of Theorem 1.4.1 in Section II in [10] .
, we have
Proof. By the compatibility of the connection maps with cup products, the element exp (1),K,V (a) ∪ b is equal to the image of b under
Since the image of b in
is the cohomology class of the cocycle (σ, τ ) → exp * (1),K,V * (2) (b)tη(σ) log χ(τ ), this finishes the proof. To finish the proof of the proposition, follow the strategy in Section 1.4.2 in [10] . 
Kato's formula for exp
Proof. To keep the notation as simple as possible, we prove the result for V = Q p (2). Note that exp *
We will start by constructing ι −1 . Recall the following result which we quote from [11] :-If V is a representation of G K , then taking cup product with log χ gives an isomorphism
We can then expand x as
where
x is sent to the cocycle c x : τ → log χ(τ )x. The 2-cocycle ι −1 (x) is now given by the image of c x under the connection map δ 2 of the long exact sequence of G K -cohomology of (12) 
and hence
By Corollary 3.17 we can assume without loss of generality that the cohomology classd is induced from an element (which we also calld) in
The HochschildSerre spectral sequence therefore gives an isomorphism
Let γ 1 (resp. γ 2 ) be a topological generator of Γ 1 (resp. Γ 2 ). Because of the preceding isomorphism,d is completely determined by the value α =d(γ 2 , γ 1 ) ∈ (B ∇ dR ⊗ V ) HK . We know that δ 2 (c x ) andd define the same cohomology class in
HK ), so they differ by a 2-coboundary ψ. By (9), ψ is of the form
. Then Tr /K commutes with the action of G K , and hence Tr /K (ψ(γ 1 , γ 2 )) = 0. It follows that
We therefore deduce from (10) that
which finishes the proof.
3.7 The higher exponential map and its dual
Using the ∇-operator, we can rewrite (3) as
which is an exact sequence of G K -modules. It follows that we get a spectral sequence E
We will use this spectral sequence to construct the higher exponential map.
Taking G K -cohomology of the short exact sequence
we get an exact sequence
By Lemma (2.3.3) in [11] , multiplication with log χ gives canonical isomorphisms
, and one can show that under these isomorphisms the map ∇ 1 corresponds to the map ∇ 0 :
We can therefore rewrite (13) as
Lemma 3.30. The short exact sequence (14) splits, i.e. we have an isomorphism
Proof. It is sufficient to construct an inverse α −1 2 of α 2 . By Corollary 3.17, we can rewrite (14) as
Corollary 3.31. There exists α
is assured by Proposition 3.2 in [12] . Explicitely, α −1 1 is given as follows:-Note that coker(
, and define α −1
. An easy calculation shows that this is well-defined and indeed an inverse of α 1 .
dR ⊗ V ) be induced from the natural quotient map. Also, let δ :
be the connection map obtained by taking G K -cohomology of the short exact sequence
Definition. The higher exponential map exp (2) ,K,V : ker
Definition. Define the dual exponential map
to be the composition of the natural map (12) has the more general form
(Note that in this 2-dimensional setting, this spectral sequence is simply the long exact sequence of cohomology.) The higher dual exponential maps are then constructed using the spectral sequence. We will give the details in a later version of this paper.
As in the case of the classical exponential map, exp * (2),K,V can be constructed by 'dualizing' exp (2) ,K,V :-Proposition 3.32. The dual exponential map exp 
Proof. The Proposition can be proven with the same strategy as for Proposition 3.29, using Corollary 3.31 and Lemma 3.32. We omit the details.
4 The explicit reciprocity laws
The canonical twists
e k be the kth twist of the cyclotomic character. Note that we have chosen e k as a basis of V k , i.e. the action of G K on e k is given by χ k .
Definition. Define a 2-dimensional representation (ρ, W ) with ρ :
Note that if e 1 , e 2 denotes the standard basis of W ∼ = Q 2 p , then we have ρ(σ).e 1 = χ(σ)e 1 and ρ(σ).e 2 = η(σ)e 1 + e 2 . The representation has a natural realisation with e 1 = t and e 2 = −q. We call this basis the canonical basis. The canonical basis of Sym k W is given by {e
Definition. For j ∈ Z and k ≥ 0, define
Proposition 4.1. For all k, the canonical basis {w
Proof. Explicit calculation.
Remark. For 0 ≤ i < k, we have w
To simplify the notation, assume that V ∼ = Q p (1). (In general, V can be an arbitrary de Rham representation of G K .) Let e V be a basis of D dR (V ).
HK , consider y as an element of (W k,l ⊗ V ⊗ B dR ) HK :- Proof. Explicit calculation.
Definition. For 0 ≤ i ≤ k, we have a natural projection operator
which is given by projection to the coefficient of w (γ 1 , γ 2 ) . By Proposition 3.13, the image of d(γ 1 , γ 2 ) under Tr /K has an expansion of the form e V ⊗ j∈Z i≥0 a i,j q i t j with a i,j ∈ K. Here, e V = t −2 .e is a basis of D dR (V ). By Proposition 3.29, a 0,−1 is (up to a unit in Z p ) equal to exp * (1),V (d). We can determine a k,l for k ≥ 0 and l ∈ Z, using the canonical twists:- 
Galois cohomology
Let V be a Z p -representation of G K , and denote by D the corresponding (φ, G)-module D K (V ). Define the following complex:-
where the maps f i are defined as follows:- Proof. See Section 3 in [3] .
